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The “Principle of Increasing Mixing Character”, previously postulated by one of us (and derived
for the case of an ensemble of isolated systems obeying a ‘““master equation”) as a stronger version of
the second law of thermodynamics, is re-derived using von Neumann’s density matrix formulation of
statistical mechanics. To make the principle more convenient for applications, it is reformulated in
terms of ““Mixing Homomorphic Functions”, a set of state functions all of which must increase in an
allowed irreversible process in an-isolated system. The entropy is one such function, but no one func-
tion, and no finite set of functions, suffices to determine the increase of mixing character. The principle
is extended to the case of a system which is not isolated, but in contact with a heat bath, for which it
takes a form which we name the “Principle of Decreasing Mixing Distance” from the equilibrium dis-
tribution. As examples, applications are made to two simple cases: diffusion in an ideal solution, and
chemical reactions in ideal gas mixtures.
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1. Introduction

The time development of a Gibbs (microcanonical) ensemble of isolated systems
proceeds in such a way that the mixing character increases monotonically.

The foregoing is a statement of the *“‘Principle of Increasing Mixing Character”,
first obtained in an earlier paper by one of us [1]. Its meaning may be understood
as follows:

If we denote the probability (or population, depending on normalization) of
the o’th state by p,, then a statistical distribution is characterized by {p,}, the set

~of all these quantities. We associate with {p,} a “diagram distribution” y={p;},
which consists of the same numbers arranged in nonincreasing order:!

P1ZPpyZp3= -

! Throughout this paper, probabilities with Latin indices are assumed to be arranged in non-
increasing order, with p; thus denoting the probability of the j’th most probable state. Greek indices
indicate that the order is arbitrary, with p, denoting the probability of state a. At times, both types of
indices will be used with the same distribution in different equations.
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Different probability distributions which correspond to the same diagram distri-
bution are called “mixing equivalent”. Such distributions differ from one another
by permutations of the probabilities p, among the states .

The mixing character marks a property which is the same for mixing equivalent
distributions and is therefore sufficiently determined, if defined for diagram dis-
tributions. Let m[y] denote the mixing character of y, the relations “‘greater than
or equal to” be expressed through ““>>"": then the increase of mixing character is
defined as follows:

V(; A p,.) < mly]>mby). (1)

In part B of Ref. [1], which we refer to from now on as [1B], the concept of
mixing character was arrived at through the analysis of the role of row and column
partitions in Young diagrams if they are used to represent classifications of finite
sets. For Young diagrams, however, a partial ordering and lattice structure was
defined and studied five years ago [2]. This structure has relevance in mathe-
matics, as was pointed out in part A of Ref. [1]. It turned out that this partial
ordering corresponds precisely to the relation “more mixed than”, according to

m{y}>m[y] < y'cy. 2

If y and y’ are two different Young diagrams with the same total number of boxes,
then the relation y <y, according to Ref. [2], can be defined in three equivalent
ways, viz:

7’ is obtainable from y by moving boxes exclusively downward and to the left.

(3a)
v, (3b)

M~

r

’
DIRIES
j=1 ji=1

for all r, where the v; and v} are the row lengths of y and y' respectively, arranged
in nonincreasing order.

-

W= Y (30)
ji=1

I

ji=1
for all , where the u;and y1} are the column lengths of y and y' respectively, arranged
in nonincreasing order.

The close analogy between (3b) and definition (1) above is evident at a glance,
and becomes precise if, for an ensemble with a finite number of members, one
simply identifies the populations of the various states with the row lengths of a
Young diagram.

It is important to realize that the ‘“greater than” relation y=> 9 is a partial
ordering of distributions or diagrams, and that there can be pairs of distributions
which are not mixing equivalent and also not comparable with one another as
regards mixing character, i.c., such that neither is more mixed than the other.
For example, if y has p, =p, =%, all others zero, and y’ has p; =%, ph,=ps=1,
others zero, one easily verifies from definition 1 that neither is more mixed than
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the other. The diagram analog of this is the pair of diagrams with row lengths
(3, 3)and (4, 1, 1), for which the definitions (3a, b, ¢) all lead to the conclusion that
neither is greater than the other.

In [1B], it was shown that increase of the Shannon entropy S=—3, p, In p,
is a necessary, but not sufficient, condition for increasing mixing character. It was
also shown that the mixing character always increases in ensembles of isolated
systems obeying a ‘‘master equation”. It thus seems probable that the principle of
increasing mixing character may hold with considerable generality, i.e., that in
allowed irreversible processes for an isolated system the mixing character always
increases. If true, this principle would afford a strengthening of the second law of
thermodynamics, since it would permit one to rule out processes, allowed by con-
ventional thermodynamics, for which the entropy increases but the mixing
character does not. For example, in the case of the distributions y=(}, 3, 0,0,...)
and y'=(%,%,%,0...)cited above, it is easily verified that the latter has the greater
Shannon entropy. Thus, a transition from a distribution characterized by y to
one characterized by y’ would be allowed by conventional thermodynamics, but
ruled out by the principle of increasing mixing character.

In Section 2 of the present paper, we present a second argument for the prin-
ciple of increasing mixing character, which does not depend on the “master
equation”, but is based on von Neumann’s density matrix formulation of the
second law. It is perhaps a matter of taste which of these two arguments is to be
preferred; together, however, we find them quite persuasive. Thus fortified in our
belief that the principle does in fact hold with great generality, we proceed in the
following sections to reformulate and develop it in a way convenient for applica-
tions. Finally, we give two very simple applications. In order to understand the
present paper properly, it is desirable (though not absolutely essent1a1 in a first
reading) that the reader be acquainted with [1B].

2. Derivation with Density Matrix Formulation

We consider a Gibbsian ensemble described by a quantum mechanical density
(statistical) matrix p. According to von Neumann [3], the act of measurement
corresponds to replacing p by a new statistical matrix p® consisting only of the
diagonal elements of p in the representation determined by the measurement

p— P9, =P =Di00 )

where p),, is the probability that a randomly chosen member of the ensemble is in
the state « after the measurement. The measurement, in other words, simply
" determines how many ensemble members are in each eigenstate of the variable
measured, and leaves the phases between these states random. It was shown by
von Neumann that the process (4) always leads to an increase in the entropy,
defined here by

S=—Tr(p In p).

We now proceed to show that the process (4) also leads to an increase in the
mixing character.
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Since the matrix p is related to its diagonal form p by a unitary transformation:
p=UpU", P,=p.d,
it follows that the new probabilities after the process (4) are given by

=P Z upuv z Brxupu (5)

where
B«w = | Uau 12'

From the unitarity of U, one sees immediately that the matrix B is “‘bistochastic”,
i.e., that all its elements are real and non-negative and that

ZBuﬂ: ZBuﬁ'__l'
u B

We now invoke a theorem due to Hardy, Littlewood and Pélya [4], which was
also used in [1B]. It states that, for two probability distributions {p,} and {p,},

Da= ZBaﬁPa <« V( Y pi< Y Pj> ©)
[ r \j=1 =1
where B is bistochastic.

Because of (6), Eq. (5) expresses the fact that the distribution {p,} is more
mixed than {p,}. Therefore the principle of increasing mixing character holds
whenever the time development of a system is described by process (4).

A. Uhlmann has defined a “‘more mixed”-relation between density matrices [5]
that corresponds precisely to the one which we derived in terms of Young dia-
grams [1, 2]. Uhlmann’s definition can be presented in the following form:

mlp1>mlp] < p=7Y c,UPpUP? ™
A .

where the U™ are unitary and ¢, >0, 3, ¢;=1.

Eq. (4) is easily seen to be a special case of the equation on the right-hand side
of (7). This equation, however, may also be interpreted as describing a process that
connects p’ at a later time with p at an earlier time. A process of this type includes
cases in which the loss of informations is caused by unknown perturbations un-
related to measurement, or by a measurement of less than a complete set of com-
muting observables, which only partially wipes out the phases. With reference to
this interpretation, definition (7) expresses the fact that processes of this more
general type also effect an increase of the mixing character, since one can easily
show by exactly the same method of proof used above, that the right-hand side
of (7) also implies that p' is more mixed than p in our sense.

The arguments presented here, together with those given in [1B], encourage
us in the belief that the range of validity of the principle of increasing mixing
character is as wide as that of thermodynamics itself, or nearly so. Neither deriva-
tion, for example, depends on any special properties of the Hamiltonian of the
system, such as its time-independence, or symmetry properties. Of course, we
have not removed the difficulties associated with the transition from mechanics
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(which is time-reversal invariant) to thermodynamics (which is not). However, the
difficulties do not take any more severe a form in the present case than in attempted
derivations of the entropy principle: the assumptions which one needs to make to
derive the entropy principle also lead to increasing mixing character.

We therefore feel justified in postulating that the principle of increasing mixing
character holds with a generality close to that of thermodynamics itself.

3. Representation of the Mixing Character through Functions
3.1 Mixing Homomorphic Functions

For purposes of applications, it is useful to have functions of the probabilities
making up a distribution which never decrease when the mixing character in-
creases®. Such functions were called “mixing homomorphic” in [1B], because
each one can be understood as a homomorphism of the partially ordered mixing
character onto the ordered real numbers. One example of such a function is, of
course, the entropy. Entropy increase, however, is only a necessary, not a sufficient,
condition for increasing mixing character. Thus, by defining more mixing homo-
morphic functions and requiring them to increase, we can derive new inequalities
that must be obeyed by allowed irreversible processes.

Consider therefore a function of the form m(g; y)= >, g(p,) or in density
matrix notion m(g; p)="Tr g(p), where g(x) is a continuous function of x. mf(g; )
will be mixing homomorphic if and only if

m[yT>mly]l = m(g;y)=m(g; 7). ®)

According to Ref. [1B] the idea of increasing mixing character is based on the
effect of mixing, and mixing operators have been shown to be represented by
bistochastic matrices. The definition of increasing mixing character, related to
this idea (Def. le in Ref. [1B]), is given through

mly1>m[y] < p,= Y B,;p; where B is bistochastic;> 9
B

therefore, (8) means that m(g; y) will be mixing homomorphic if and only if, for
all p,, and bistochastic B, the function g satisfies

29 (; Bupg)= Y. 9(pa). ’ (10)

To see what (10) implies, we first consider a special case. Suppose that p; #p,,
P1=P>=3(P1+D2), P=P,, o>2. This corresponds to By; =By, =B, =B,,=%,
B,,=1, a>2, all other B,;=0. For this case, (10) becomes, after subtracting off
terms which are equal on both sides, and dividing by 2,

g(3(py+p2))=3g(p) +9(py) forall p,,p,. (11a)

2 To save writing, we will sometimes simply say that such a function “must increase”. In such
cases, it should be understood that it may also remain unchanged.

3 That this is an equivalent definition of increasing mixing character also follows from the theorem
of Hardy, Littiewood, and Podlya [4] already cited in Sect. 2.
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Eq. (11a), however, is just one definition of a convex function, a function such
that the midpoint of every chord lies on or below the curve of the function [6].
Hence, (10) can only be satisfied if g is convex. If g is even piecewise continuous

(11a) is equivalent to
9(X. caps)> 3 o9 (py) (11b)

for arbitrary ¢y =0 with 3.5 cg=1. Because of the identity

Y Zp‘, Bugd(pp)= 2, 9(pa)

(provable by summing first over o on the left-hand side), Eq. (10) can be trans-
formed into ’

;g (% Bugpp)> %: (; Busg(Pp)).

Because of (11b), this is satisfied term by term if g is convex, since the B,; with
fixed o satisfy the criteria for ¢z in (11b). We have thus proved

Theorem 1. A function m(g; y) is mixing homomorphic if and only if g is convex.

Either (11a) or (11b) may be used as a definition of convexity. If g(p) is twice
differentiable, an equivalent definition is g”(p)<0.

To get an intuitive feel for the meaning of the requirement that all m(g; y)
must increase, consider a process in which an infinitesimal probability dp is trans-
ferred from state « to state . For this process,

dm(g; 7)={g'(ps)—9'(p.)}op

which, with convex g, will be positive only if p,>p,. Thus, our principle in this
case is equivalent to the common-sense requirement that less populated (prob-
able) states gain population at the expense of more populated ones.

Any convex g(p) defines a mixing homomorphic function m(g; y), and thus
leads to requirements on allowed thermodynamic processes. In particular cases,
one may wish to choose g’s which lead to the strongest results, or those which
require the least effort to evaluate the m's. The best-known example, of course,
is the first of the following three examples (12a, b, ¢). Functions of the second type
may be used for purposes of computational convenience. The third class of func-
tions will be discussed in detail in the subsequent subsection:

g{p)=—plnp (122)
m(g,; v)=S(y), the Shannon entropy;

gp)=—p", n>1

12b
m(g,; Y)=—>. pa; (126)

_A=p |A-p| | 0 for psi
9ip)= 2 2 N_—{A——p for p>4

mga;N=— Y (pa—2).

{a|paz 4}

=0 (12¢)
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3.2 Mixing Isomorphic Sets of Functions

No single mixing homomorphic function is sufficient to determine the increase
of the mixing character; however, it may happen that a set of such functions, all
of which are required to increase, is sufficient. To investigate this possibility, we
make the following definition:

Definition 1. A set of mixing homomorphic functions {m(g; )} is called mixing
isomorphic if, for every y, y with m['y’]>}-m[y], there is at least one m(g; 7) in
{m(g; )} for which m(g; v)<m(g; y).

Thus, if a mixing isomorphic set exists, the requirement that all its members
increase is a sufficient as well as a necessary condition for increasing mixing charac-
ter. Any mixing isomorphic set of functions may serve as definition of the partial
ordering in the set of diagram distribution.

We now state and prove

Theorem 2. The functions m(g; ; y) defined by (12¢) with 0 <A <1 form a mixing
isomorphic set.

What needs to be proved is the conclusion from the left to the right side of (13):

V( Y, (=A< ) (pa—i)) < V<_i 4SS Z p;)- (13)

A \fo| pez 2} {a| pu=> 2}

To show this, we choose A=p, and note that

Y (pe—p)= 2, (pj—p)=—r,+ ) p;
Z <

| pa>pr} J . J ; (14)
Z (pa,c_pr)> Z (p],_pr)z—rpr+ Zp; (
{o| P& Z pr} i=1 j=1

The inequality between the two sums in (14) follows since, whenever both sums
differ, the right-hand sum either does not contain certain members (p}, —p.) con-
tained in the left sum, all of which are positive; or it contains members (p,—p,)
not contained in the left-hand sum, all of which are negative. From (14) follows
the conclusion from left to right in (13). Since the conclusion in the opposite
direction is obvious, theorem 2 is proved.

From theorem 1 and 2 one immediately obtains the

Corollary. The set of all m(g; ) with arbitrary convex g is a mixing isomorphic
set.

In the appendix some necessary conditions for mixing isomorphic sets are
derived.

Eq. (13) represents two equivalent definitions of the partial ordering of the
mixing character. With the abbreviations

ZOEW
w=1- 3% (Ps—4)

{al peZ A

(15)
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we may write:

myT>mly] = y'cy = V(0,0)<0,y)) < V(u(y)=uy). (16)
r A

A diagram distribution y is illustrated in Fig. 1a, where the shaded area is assumed
to be 1 as the condition ¥ ;p;=1 holds. The 0,(y) and u,(y) correspond to the
areas shaded in Fig. 1b and lc respectively. This illustration indicates the com-
parison with the case of diagrams with a finite number of boxes. If we replace
p; by v;/n with v; representing the numbers of boxes in each row of a diagram with
n boxes, then no,(y) and nu,(y) with A=1/n, 2/n, ... n/n denote the partial sums of
rows and columns respectively. Thus (16) represents besides (3b) the definition
(3¢c) without the limitation to diagrams with a finite number of boxes.

In Ref. [1B], the row and column partitions of a diagram have been associated
with the concepts of statistical order and disorder. The mixing character criteria
according to (16) refer to both these aspects also in the case where general proba-
bility distributions are concerned. The advantage of having at hand mixing iso-
morphic sets of functions will become evident, if we try to transfer the principle
of increasing mixing character to systems which are not isolated. We shall now
discuss this problem.

4. System in Interaction with Bath

Up to now, we have been concerned exclusively with isolated systems, while
most practical applications are concerned with systems in weak interaction with
some sort of bath. In conventional thermodynamics, one can start with the
entropy principle for an isolated system, apply it to a combined system consisting
of bath and system of interest, and derive results such as the decrease of Gibbs or
Helmholtz free energy for systems with constant temperature and pressure or
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volume. In this section, we carry out the analogous derivation for the principle of
increasing mixing character.

Consider, therefore, a system X which can be mentally divided into two parts:
a system of interest 4, and a bath B, in weak interaction with one another. Denote
the states of 4 by «, f, etc., those of B by capital letters &, etc. The direct product
states |a®) =|a)|P> form a complete set for X. In most cases, only certain states
will be accessible, e.g., those with given total energy for X. This means that, in
general, only certain @ will be “compatible” with each «, i.e., only certain @ will
be accessible to B when it is given that A is in the state «. In the cases normally
considered, two states o and f either possess no compatible ¢ in common, or all @
compatible with « are also compatible with . For example, if 2 has fixed total
energy W, the & compatible with « are those with Eq=W—E,. If E,=E;, all
these will also be compatible with §; otherwise, none of them will. In the beginning,
we shall not assume this property of “total mutual compatibility”, but we shall
see in subsection 4.2 that when it is not satisfied no unique equilibrium state for
the bath can be defined when A4 is not in equilibrium.

We present three derivations, all leading to the same result, in subsections
4.1, 4.2, and 4.3. The first of these is in terms of classical probabilities, the second
in terms of quantum mechanical density matrices, and the third, which makes no
specific reference to the bath, is in terms of a master equation. The results are sum-
marized in subsection 4.4. by means of the “principle of decreasing mixing dis-
tance from the equilibrium distribution”. The connection of all this with conven-
tional thermodynamics is discussed in subsection 4.5, The related problem of
partial equilibrium is treated in subsection 4.6.

4.1 Classical Probability Formulation

In this subsection, we consider the system X to be entirely describable in terms
of classical probabilities. The system of interest A4 is not necessarily in equilibrium:
the probabilities

D= Zpad)
[

are fixed but arbitrary. The bath, however, must be assumed to be in equilibrium
in order to obtain unambiguous results. In other words, the mixing character of
the total system X must be maximized subject to the constraint of fixed p,. With
this assumption, our task is to express an arbitrary mixing homomorphic function
for m(g; ) in terms of the variables of A4 alone.

We first maximize the mixing character of X subject to fixed p,. We require

o{mlg; v)— X Lp.t=0

where the /, are Lagrange multipliers. (The convexity of g guarantees that any
stationary point will be maximum.) Writing out the variation explicitly, we obtain
Z g,(padi)apud) - Z laapudi =0.

ad ad
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Since the dp,, are arbitrary, this equation is satisfied for arbitrary convex g if
and only if all the p 4 for given « are equal. We therefore have

_Px
padi_Qa

where Q, is the number of bath states compatible with «. Mixing homomorphic
functions of the system X according to (8) can now be expressed as sums over
states of the system A alone,

mig; y)= aZ(Dg(paqs): ;g@—“):;gzmg(g_a).

&, a,

By introducing the equilibrium probabilities w, of the system A, that are given by

w =—§’" where (2 is the total number of accessible states in X,

a

we arrive at:

mig; y)=QZw,g<%>= ZW,:G<&>

Wy Wy

where G(x) = Qg(x/Q) is again an arbitrary convex function of its argument, which
however, now ranges from zero to infinity. Thus mixing homomorphic functions
of the system X expressed in terms of variables, that refer to the system A4 alone,
may be written as follows:

aG; p, W)=Y w,G <&>- a7

W,

Our principle now states that, for a system in interaction with a bath, all the
a(G; p, w) for arbitrary convex G must increase in an allowed irreversible process.

4.2 Density Matrix Formulation

Here we treat basically the same problem as in the previous subsection, but
with X now described by a density matrix py with elements (a®|p;|f®">, it being
assumed that there exists a complete set of accessible states which are all of the
form |a®). The state of 4 alone is described by the reduced density matrix p,
whose elements are given by

alp| By = %(aélpzlﬁ@-

We note that, if « and B possess no compatible ¢ in common, then {u|p|f> is
necessarily zero. As before, our task is to express a mixing homomorphic function
m(g; p)=Tr g(p;y) in terms of p alone, assuming that the mixing character has
been maximized subject to fixed p. We carry out this constrained maximization
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first, using this time a particular mixing homomorphic function —Tr p2. Intro-
ducing Lagrange multipliers /;, we find:

6{=Tr p3— 3. Ls<arlp| B}
af

==2 T (o®|ps[BE 3B |psladd—~ T 1,,6¢o®|ps|p)=0.
a, f, P

oD, 5,0

We first equate to zero the coefficient of §{f®'|p;|ad)> with & @ and obtain
oa®|ps| D> =0, ®#d.
For ¢=¢&’, we find
{ad|pg| D) = =11, (18)

independently of @ for given «, . Since we must have
% x| ps| BP) =<alp| B,
]

(18) is satisfied only if

1

<O‘¢|pz|ﬂ¢>=g
op

Calp|B> (19)

where Q,, is the number of bath states compatible with both o and f, and of
course, @ itself must be compatible with both.

If instead of g(p) = — p?, we had used (say) g(p) = — p", we would have obtained
instead of (18),

1
0®|p3 ™! B =—~1, (0

independently of @ for given «, 8. Now consider the special case in which {a|p|x)>
is the only matrix element of p with {a| on the left, and let & be a state of the bath
which is compatible with both o and x, @ a state compatible with « but not with
k. Then we obtain from (19)

1
QZ

(a®|p3|a®) =5 <a|p|r){x|p|w

and

(0@ pHad'y =0,

which contradicts (20), according to which these two matrix elements should be
equal. We conclude, then, that the bath has a definite equilibrium for each p
(independently of the function used to determine it) only if our system has the
property of “total mutual compatibility” defined in the introduction to this
section. Since all the cases normally considered have this property in any case, we
restrict ourselves from now on to systems of this kind. With this restriction, either
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« and B have no compatible states @ in common (in which case {a|p|B>=0), or
Q,;=9,=0,. Thus, Eq. (19) becomes

@osl By = <alolB.

We can now introduce an operator ¢ in the space of the |oc> alone, with matrix
elements
. jo— Qa
<alalﬂ>_wa5aﬁa Wa_E'
o commutes with p, since the latter has matrix elements only between states with
compatible bath states in common, hence with the same eigenvalue of ¢. ¢ and p
are both in block diagonal form, and within each block, ¢ is just the unit matrix
for the block multiplied by ,/Q. In this representation, the full density matrix
p5 1s also block-diagonal, the blocks being those of p, each multiplied by 1/, and
repeated 2, times. Thus, p, and p can be diagonalized simultaneously by diagonal-
izing the blocks of p; separately, and we have for m(g; ps)

m(g; ps)=Tr g(p;)=Q Tr <ag (épa‘ 1>>

Making the same change of scale as in subsection 4.1, we obtain functions in terms
of the reduced density matrix

a«(G; p, 6)=Tr (6G(ps™ 1)) @n

where o 18 the equilibrium reduced density matrix with eigenvalues w,, the equili-
brium probabilities, and G is again an arbitrary convex function of its argument
between zero and infinity. We require that all the functions (21) increase in
allowed processes, which is clearly the quantum-mechanical analog of the result
of subsection 4.1.

4.3 Master Equation Formulation

In this subsection, we make no specific reference to the bath, but simply
assume that our system (described by classical probabilities) is governed by a
linear time-displacement operator expressing the probabilities at a later time,
P 1n terms of those at time zero, p, :

Pr= Z wap- (22)
B
Since the total probability must be conserved, we have
Y M,=1. (23a)

Also, it is assumed that there is an equilibrium distribution {w,} which is not
changed by the time-displacement operator:

Y M wp=w,. (23b)
B
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If the system obeys a master type equation, but with equilibrium distribution
{w,} instead of the uniform distribution, then all these conditions are satisfied.
We define the matrix u by

Bap=Wo 1Ma,8wﬂ : (24)
It follows from (23b) that

Z.u'acﬁzl' (25)
B

Now let us compare the value of a function a(G; p, w) before and after the time-
displacement. We find

7 G/( 1
a(G;P 5 W): ZwaG<p_>: Z waG<kszﬂpﬂ>
4 w W“ B

- S (S0 T T (2 )
@ g/« W

=Y M,w,G (’i>= 2 WG (%) =a(G; p, w)
b

Wg) 8 B
where we have used (23a), (24), and (25), and the inequality follows from the
convexity of G and Eq. (10).
Eq. (26) is just what we wished to prove, that the functions a(G; p, w) always
increase for an allowed irreversible process in such a system.

4.4 Summary: Principle of Decreasing Mixing Distance

The conclusion of the three preceding subsections is that the approach to
equilibrium of a system in interaction with a bath is also determined by a partial
ordering, in which all the functions a(G; p, w) are required to increase. Moreover,
it is easy to see that all these functions are actually maximized at the equilibrium
distribution {w,}. For, maximizing an arbitrary a(G; p, w) subject to Y, p,=1,
using the Lagrange multiplier /, we find

5{a(G;p, w)—lZpa}z Z{G’(‘%)—l} 8p,=0.

This is satisfied for arbitrary G if and only if all the p,/w, have the same value,
say k. That k& must be unity is obvious.

If a(G; p', w2 a(G; p, w) for all convex G, one may speak of the distribution
{p,} as being “closer” to the equilibrium distribution {w,} than is {p,}, since a
path from {p,} to {w,} is allowed to pass through {p,}, but not vice versa. Accord-
ingly, our partial ordering may be described in terms of the “mixing distance”,
defined as follows:

Definition 2. The mixing distance of a distribution {p,} from a reference dis-
tribution {w,} is said to be greater than that of {p,} from the same reference
distribution if for all convex G

a(G; p, wyza(G; p, w).
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The mixing distance does not possess all the properties of a distance as normally
used in mathematics. Nevertheless, we feel justified in our choice of terminology.

By means of the mixing distance, the results of subsections 4.1, 4.2, 4.3 may be
summarized as a principle, which of course, is a consequence of the principle of
increasing mixing character.

Principle of decreasing mixing distance: The approach to equilibrium of a system
in interaction with a bath is always in the direction of monotonically decreasing mixing
distance from the equilibrium distribution.

Referring as it does to a reference distribution {w,}, the partial ordering in
terms of mixing distance is different from that of mixing character in that, for
example, distributions which are mixing equivalent are not necessarily equivalent
as regards mixing distance from a given reference distribution. For the case of an
isolated system, or for any system whose equilibrium distribution is the uniform
one, the functions a(G; p, w) reduce, apart from scale factors, to m(g; y) so that
the principle of decreasing mixing distance reduces to that of increasing mixing
character, a fact whose implications will be discussed briefly in the next subsection.

To get a simple feel for the meaning of this principle, consider again the special
case in which an infinitesimal probability increment dp is transferred from the
state o to f: For the change in a function a(G; p, w) we have

“fle)-o(e)

Since for convex G, G' is a monotonically decreasing function of its argument, this
will be positive (corresponding to an allowed process) if and only if p,/w,>p,/w; .
We have thus proved

Theorem 3. The mixing distancerelative to a reference distribution decreases only
when states with low values of p,/w, gain probability (or population) at the
expense of states with higher values of this quantity.

4.5 Connection with Conventional Thermodynamics

In conventional thermodynamics, it will be recalled, one can start with the
entropy principle 8S>=0 for an isolated system, then derive from it the relation
8S>=¢q/T for a system in interaction with a heat bath, by considering the system
and bath together to comprise an isolated system. Having done this, one may
reverse the process: Starting with 65> ¢/T for an arbitrary system, and consider-
ing the special case of an isolated system for which ¢=0, one immediately recovers
the entropy principle [7].

We have done much the same thing here in subsections 4.1 and 4.2, except
that we have used an arbitrary mixing homomorphic function for the isolated
system (instead of just the entropy, which is a special case), and for each such
function have derived a corresponding function for the system of interest alone.
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Putting it another way, the principle of increasing mixing character for an isolated
system leads to that of decreasing mixing distance for a system in interaction with
a bath. Again, the derivation can be reversed.

Applying the principle of decreasing mixing distance to the special case of an
isolated system, for which the equilibrium distribution is the uniform one, one
recovers the principle of increasing mixing character. The only difference is that
the principle of decreasing mixing distance, as we have formulated it, requires
prior knowledge of the equilibrium distribution for the system of interest, while
in thermodynamics this can be calculated in principle (e.g., in the case of a system
of given temperature and volume, by minimizing the Helmholtz free energy).
Since conventional thermodynamics fully suffices to determine the equilibrium
state, this circumstance is not a drawback.

Since the choice g(p)= —p In p for an isolated systems leads to 6S=0 one
might expect that the choice G(x)= — x In x for a system in interaction with a bath
would lead to 6S=¢/T, or the direct consequences thereof, for that system. That
this is indeed the case is easily verified.

Consider, for example, the canonical, constant volume, ensemble for which

where @ is the partition function. With G(x)= —x In x, we obtain

Pa E,
G: p, W)= — Pa)(1n p+ 2
a(G;p, w) ;W“<w><np“+kT+ an)

E
= — 1 _—
;pa npzz kT an

1
=~ (E=T8)=InQ

A
--< 1
kT nQ’

where E is the average energy, 4 the Helmholtz free energy, and .S is now expressed
in conventional units, differing by a factor of k from .S as previously used in this
paper.

" The requirement that this function increases is clearly equivalent to the well-
known thermodynamic result that 4 must decrease under these conditions, since
In Q is constant at fixed 7 and V.

The relation between our principle and conventional thermodynamics, and
between isolated and nonisolated systems, is summarized in the following table,
in which arrows indicate directions in which derivations may proceed. The one
dotted arrow refers to the fact that one needs to know the equilibrium distribution
in order to derive the upper result from the lower one.
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Conventional Present Treatment
Isolated
System 0820 «——— om(y; y)%O
1 |
System l 1 l I
Interacting 08S=2q/T «—— 6a(G; p, w)=0
with Bath

4.6 Partial Equilibrium

We consider the case of a system which is in equilibrium with respect to some
degrees of freedom, but not necessarily with respect to all. For example, the
translational, vibrational and rotational motion might be in equilibrium, with the
spins aligned in a non-equilibrium distribution; or the various motions in a gas
may be in local equilibrium everywhere, but the concentration non-uniform, etc.

Let 8 denote the complete set of quantum numbers for those degrees of free-
dom not necessarily in equilibrium and I' the same for the other degrees of free-
dom. Let p s denote the conditional probability that the system is in a state , I’
given that it is in a state with quantum numbers § and that it is in equilibrium
with respect to the I'. Since we are assuming this equilibrium, the unconditional
probability p,  (and wy r in equilibrium) is then

Ps,.r=PsPyr
. LPpr=1,

Wp,r=WgPg)r r

where p, is the total probability, independent of I', that the system is in a state §.
Inserting these relations into (17) we have:

V4
aG;p,wy=Y w,,p(,,),G<ﬂ>= zw,,G<£E>- @7
8.7 Wer/ 8 W
This shows that we may use the functions a(G; p, w) where p, w denote the probabi-
lities p,,, w, of those degrees of freedom which are not in equilibrium. Hence, the
requirement

0a(G; p, w)=0 for all convex G(x) over 0= x

governs the approach to equilibrium also in the case of a system in partial equili-
brium.

5. Examples

To illustrate the kind of information derivable from this method, we treat in
this section two very simple examples. The first has to do with diffusion in ideal
solutions, the second with chemical reactions in ideal gas mixtures. In neither
case are the results particularly startling, but in both cases they go beyond what
one could derive with conventional thermodynamics, which we show in each case
by direct comparison.
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5.1 Diffusion in Ideal Solution

We consider a dilute, ideal solution, not necessarily of uniform concentration,
described by a solute density p(r). Since the solution is ideal, the solute particles
are statistically independent of one another, so they can be considered to be
members of an ensemble. Thus, a state of a particle (ensemble member) is charac-
terized by its position in space, plus other variables. We assume equilibrium with
respect to everything except position in space, and use the result of Sec. 4.6,
Eq. (27), with the sum replaced by an integral over position. Since the equilibrium
distribution in this case is the uniform one, (27) becomes

a(G; p, w)= [ G(p)d’r
with
Sa= [ G'(p)dpd>r=0. (28)

Because the total number of particles is conserved, we must have a continuity
equation obeyed:

op=—-V-J (29)
where J is a solute current density vector. Insertion of (29) into (28) gives
da=— [G'(p)(V-D)d*r=0 (30)

which, after integration by parts, becomes

da= [ G"(p)(J-Vp)d3r =20 31)

G"(p) is never positive, but is otherwise arbitrary. Accordingly, (31) is satisfied
for arbitrary convex G only if
J-Vp

——d*r=0,all p,, 2
pszo |Vp]dr 0, all p, (32)

where the integral goes over the surface or surfaces where p has a fixed but arbitrary
value p,, and the inequality must hold for all p,. Apart from unphysical cases in
which the current at a point is assumed to be influenced by the current at distant
points which happen to have the same value of p, (32) means to all intents and
purposes that

J-Vp<0 -everywhere.

In other words, the diffusion current must always be in the direction opposed
to the concentration gradient, i.e., from regions of high concentration into low
concentration. This result is certainly not surprising, but it is more than one could
obtain from thermodynamics alone. To compare with the result of conventional
thermodynamics, we evaluate (31) with the “conventional” choice,

1
G(p)=—plnp, G”(p)=~p< (33)
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Insertion of (33) into (31) gives
ds=— j%(J-Vp)d% 34)

where by definition s=a(G; p, w) with G defined by (33). We show by means of an
example that it is possible to satisfy (34) without satisfying (32). Consider the
phenomenological diffusion equation

J=—DVp+LpV(V?p), (35)

where D and L are phenomenological constants, to be determined perhaps by
fitting empirical data. Substitution of (35) into (34) gives

ds=D [ (Vp)?d*r—L | (Vp)-V(V?p)d>r.
We now integrate the second term by parts, obtaining

&

8s=D [ (Vp)*d*r+L | (V2p)*d*r 0. (36)

Eq. (36) is satisfied if D, L=0. However, (32) is only satisfied if L=0, since for
any nonzero value of L, it is possible to have the second term of (35) larger than
the first and of opposite sign. Thus, our principle gives more information than one
obtains from thermodynamics. In this case, of course, the result (32) could also
have been obtained in other ways, either by requiring local (not just overall)
entropy increase, or simply by common sense. Nevertheless, this affords a very
simple example of the ability of our method to yield results beyond those strictly
obtainable by thermodynamics.

5.2 Chemical Reactions in Ideal Gas Mixtures

Consider a mixture of several ideal gas species, capable of undergoing chemical
reactions, and not necessarily at equilibrium. Let ¢, be the equilibrium concentra-
tion of the 7’th species, and /, its instantaneous concentration. We assume equili-
brium with respect to everything except concentrations, and again use the results
of Sec. 4.5. The probability that there will be exactly v, molecules of each species t
in a given unit element of volume is given by the Poisson distribution

v
plvd=[1 e (37)
while the equilibrium probability is
AN
wivg =[] 5e (38)

For this case, we have not been able to evaluate a general function a(G; p, w), so
we content ourselves with the power functions (12b) or rather the corresponding
a-functions

ay=— Y wiv} [fv{{:}}] (39)

{v<}



Principle of Increasing Mixing Character 113

Substituting (37), (38) into (39), one obtains

1 ln Vo
a,=— Z exp[— nlr—(l’l—l)cr)]—li ni :I
{va) l:[ ( N “0)
ln
= —exp [E (anl —nl,+n— l)crﬂ
and
ln—l
5an=ann2[j?f— 1} 0l 20. “h

Since q, is negative, (41) means

n—1
Z[l—(i—’) }51120, all n=1. (42)

T T,

If we had used G(x)= —x In x, corresponding to conventional thermodynamics,
we would have obtained instead of (42)

s[i(4)] 0

We can obtain somewhat more information by making use of the generalized
power functions

IulD)=—(p—u)*" (n integer, u real and variable); (43)
with
m(gnu; V)Emnu:'— Z(pa_u)2n> m,= — Zp:

we have
2

L (=DCmt o,
= " ' m,. 44
W ,;0 et © ™ “44)
Since m, and m; are both constants which do not change when the p’s are varied,
we have for the change in m,,, from (44):

n (~1)y(2n)!

Amy, =y

Znor . 45
v rli2n—r)! u™Am, 43)

This must be non-negative for an allowed process, independently of u, and this
leads to further constraints on the Am,, which, however, are simple only for n=2.
For this case, we have from (45)

Amy, = Am, —dudmy + 6u* Am, . (46)

Minimizing this with respect to z, and requiring that the minimum value be non-
negative, we obtain

AmyAmy 23(Amy)>. @7
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We can also apply (47) to our example, since it obviously applies as well to the
a, as to the m, . From (40), (41), we find

[ 2
day,=2exp| > l—“—21“+cu Y l—l— ol,;
E# Cu T

3 2
day=3exp z<i—§—3lu+2cu>:|z<l—l—> 8l ; 48)
n

L T T

Sy P
da, =4 exp Z(C—§—4l +3c >:|Z<l—c—>5l

L & u T T

Substituting (48) into (47), one obtains, after some rearranging:
12 i 2 [3
Y _= A Y]
oy (-2 [l -2z 0-5)
3 12
el

The volume element is still at our disposal, and can in particular be chosen so
small that each /, is very small, and the exponential on the left-hand side of (44) is
as close as we please to unity. This gives the result

R

Eqs. (42) and (50) are general requirements that must be obeyed by the incre-
ments in concentrations in ideal gas reaction mixtures. For the case of a single
reaction proceeding toward equilibrium, they are of course automatically satis-
fied; in the case of a mechanism involving competing reactions or sequences of
reactions, however, they are not trivial, and it may be possible to use them to
exclude certain proposed mechanisms.

Since these results are obtained from the power functions only, they do not
represent the most stringent conditions put on such systems by the principle of
increasing mixing character.

6. Discussion : Possibilities for Future Work

The principle of increasing mixing character, which makes precise the common-
sense notion that less populated states in an isolated system gain population at the
expense of more populated ones, represents a stronger restriction on allowed
thermodynamic processes than does the second law of thermodynamics. In this
paper, we have given what we think is a rather convincing derivation of this
principle, and then drawn some consequences from it. It would appear that many
applications of this principle can be made, since it should be applicable to every
system to which thermodynamics is applicable, and will in each case yield new
information, though sometimes, as in the diffusion case treated in Sec. 5.1, this
new information may be rather trivial.
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Among the infinite number of mixing hormomorphic functions, the entropy
continues to have a special place, since, in the first place, its exponential gives the
actual probability of a given non-equilibrium state; and, in the second place, it is
homogeneous of first order, hence additive, and expressible in purely phenomeno-
logical thermodynamic terms. It is perhaps worthwhile to examine the question
of whether there are other mixing homomorphic functions with especially sig-
nificant or convenient properties such as (but not identical with) these.

Another question not considered here is that of fluctuations, and to what
extent they make possible deviations from the principle of increasing mixing
character for systems of finite size.

We hope to consider these and other questions in future publications.

Appendix : Necessary Conditions for Mixing Isomorphic Sets

In this appendix, we derive some necessary conditions which must be satisfied if a set .# of mixing
homomorphic functions m(g; y) generated by a set o of convex functions g(p) is to be mixing iso-
morphic. We concern ourselves primarily with requirements on the behavior in the neighborhood of a
particular point p = A imposed on at least some of the g in .o7. We restrict ourselves to convex functions
g(p) which are continuous and possess piecewise continuous first derivatives. Also, since a constant
can always be added to g(p) without affecting Am(g; y), we shall assume g(0)=0 throughout.

‘The method we use will be to construct a process in which a very small amount of probability is
transferred from a state with probability slightly less than A to one with probability slightly more, with
simultaneous probability transfer among the other states such as to lead to maximum increase in
m(g; ). The overall process will be forbidden because some probability has been moved *‘in the wrong
direction”, hence if .# is to be mixing isomorphic, there must be at least one g in &7 such that m(g; )
decreases. The strength of the results derived will depend on the magnitude of 1. Rather than give an
exhaustive discussion, we confine ourselves to certain ranges of 1; the reader will easily be able to
apply the ideas used here to other cases as needed. We first consider:

Casea: A<Zl.
Let ¢ be a very small number, and define v =1 + 2¢, u= A — 3¢. Consider an initial probability distribution
as follows:

py=v+1-54;

P2=pP3=0;

Pa=ps=Hu.

All others zero.

For this distribution, we have

m(g; y)=g(v+1—54)+2g(v) +2g(u).

We now deform the distribution in three steps, the first two of which will increase m, the last of which
will decrease it, in such a way that the overall process is forbidden. The deformation is as follows:

1. We equalize the probabilities between the first two states, giving each a probability of
(2v+1—51). The change in m(g; y) for this process is

2v+1-52
-”—2—> — W) — g+ 1—52).
This is just twice the distance of g((2v + 1 — 54)/2) above the chord drawn from g(v) to g(v -1 —54), and

is necessarily nonnegative for convex g.
2. The probability u of state 5 is distributed equally among N states, where N is allowed to approach

infinity. The change in m(g; y) this time is

Am, =2g

Am,=Ng (%) —g(u).
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In the limit as N becomes large, we can replace g(u/N) with u/N(g'(0)), giving the result
Amy =ug'(0) —g(u).

This is just the distance of g(u) below the extrapolated tangent to g(p) at p=0. Again, for convex g
it is nonnegative.
3. We transfer a very small probability dp from state 4 to state 3. The change in m(g; y) is now

Amy=—(g'(u) —g'(©))op,

and is negative or zero. The overall process is forbidden, as may be seen by examining the behavior of
m(g;. 7), Eq. (12¢).

If . is to be mixing isomorphic, there must be at least one g in o/ for which 4m, + 4m, + Am, <0,
i.e., for which the last, negative, term is large enough to compensate for the other two. There must be
such a g for every ¢ and Jdp, no matter how small. One sees immediately that this can be accomplished
only if there are g’s which lie arbitrarily close to straight lines in the intervals 0 <p<u, and v<p<
(v+1—54), even in the limit as both ¥ and v approach 4; and which also have a finite change in first
derivative in an arbitrarily small interval about 4. In other words, the function g,(p), Eq. (12¢), or a
function differing from it by an additive linear function, must be arbitrarily well approximated by g
in 7, at least in the interval 0<p<(1—4A). For example, if o/ only contains the power functions
defined in Eqs. (12b) and (43), then .# is definitely not mixing isomorphic.

This result holds only for 1<1/5; in most applications, however, one needs only to consider
infinitesimally small probabilities for single states. This means that, in most practical circumstances, a
mixing isomorphic set must contain, or approximate arbitrarily well, all the m(g, ; y) of Eq. (12¢).

For other ranges of A similar methods yield somewhat weaker results. For example, consider

Cascb: t<i<j.

Again let ¢ be small, and define v=21+¢, u=1-—3¢. Let the initial distribution be

P1=v+4q,
P2=P3=0,
Pa=u,
ps=1-41—q,

all others zero.

where of course, 0<<g<(1—42).

Again, the deformation consists of equalizing between the first two states, distributing the proba-
bility of the fifth state among N states, and finally transferring an infinitesimal probability from state 4
to state 3. The change in m(g; y) is again the sum of three contributions, the first two positive, the third
negative, as follows:

2
Amlzzg<—”{ﬁ)—g<v+q>—g(v);

Amy=(1—4)—q)g'(0) —g(l —44—gq);
Amy=—(g'(w)—g'())dp.

For the sum of these to be negative, we must have g’s which lie arbitrarily close to straight lines for
0<p<(1—44i—¢q), and v<p<(v+q), as well as a finite drop in first derivative in an arbitrarily small
interval about A. However, since 0<q<(1 —44), there is no restriction imposed on the behavior of
g(p) in the interval (1 —44)<p< .
For larger A, the results become still weaker, but the reader should have no difficulty deriving
them as needed. The weakest case is
Casec: A>1%.

Here there can be no more than one state with probability 4 or greater. The best that one can do is
start with an initial distribution p, =, p, =(1 — 1), then first transfer dp from state 2 to state 1, after-
wards distributing the remainder of p, among N states. The change in m(g; y) this time, to first order
in infinitesimals, is

Am=(1—A)g'(0)~g(1 = H)~(g'(1 =D —g'(1)dp.
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This can be made negative without any discontinuity in g. The only requirement is that g must undergo
a finite change between (I —A) and A, and that g lie arbitrarily close to a straight line in the interval
Osp<s(l—A).
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